Introduction
Hopkinson's seminal paper [1] introduced the first experimental method allowing measurements of pressures produced by contact explosion or by bullet impact. His approach was based on two main assumptions, which he recognized very clearly and emphasized in a few places in his paper: (i) the material of the rod is perfectly elastic and (ii) '. . .the wave is long comparable with the diameter. . .' [1, p. 445] . These assumptions are of crucial importance because they secure propagation of the pulse without changing its amplitude and shape, so perfectly transmitting the conditions at the loaded end of the bar along its length and allowing measurements of pressures and time of dynamic events. The static force causes an initial displacement ε 0 between neighbouring centres of cylinders, u i is the displacement of the ith cylinder from its equilibrium position in the statically compressed chain and a is the distance between centres of neighbouring cylinders without precompression. The right-hand end of the chain is undisturbed, and the arrow at the bottom shows the direction of pulse propagation. The crosses show the initial equilibrium position of cylinder centres in the statically compressed chain. The black circles correspond to the position of the cylinder centres in the wave.
Theoretical analysis
forces between cylinders (F el ) are represented by a double power-law equation and depend on their geometric parameters, elastic properties and the ratio (ε/d) [17, 18] where D m is a mean diameter (defined as the inside diameter plus cross-sectional diameter of the O-ring), and E 0 is the quasi-static Young's modulus of the nitrile rubber. Thus, O-rings represent strongly nonlinear elastic elements with nonlinearity stronger than the Hertzian law at relatively large ε, when the second term in equation (2.1) dominates. The contact deformation of the soft O-ring is confined to a very small region near the contact point with the rigid steel cylinders. As a first approximation, we can consider that deformation of an O-ring during a dynamic process obeys static equation (2.1), because its strong nonlinearity is due mainly to geometrical effects, with the possible change in the elastic modulus E 0 accounting for strain-rate effects. The steel cylinders hardly deform during this process, and it is assumed that the duration of the pulse is much longer than the characteristic time for wave propagation inside the cylinders, which allows us to consider them as point masses. In our investigation, the mass of the steel cylinders (m = 3.065 g) was about 50 times larger than that of the O-rings (mass 0.0625 g). Thus, to a first approximation, the O-rings can be considered as massless viscoelastic springs.
It is convenient to introduce the initial height change of the O-ring ε 0 into the equation explicitly. Then the equations of cylinder motion (without considering dissipation) becomë
where u i (2 ≤ i ≤ N − 1) denote the displacement of the ith cylinder from its static equilibrium position in the initially compressed chain, and the O-rings remain compressed during the wave propagation. If we assume that the behaviour of an O-ring obeys the static dependence of force on ε, then A = 1.25π D m E 0 /md 1/2 and B = 50π D m E 0 /md 5 [17, 18] . The dot denotes a derivative with respect to t. The anharmonic approximation of discrete equations (2.2) in the long-wave limit (L a 1 = a − ε 0 , where L is the characteristic spatial size of the wave perturbation, a 1 is the cell size in the preloaded system) can be derived using the continuum variable replacement, resulting in the Boussinesq wave equation [2] All the higher-order terms are omitted, and the convective derivative in acceleration is ignored, assuming that the speed of the pulse is much larger than the particle velocity. The long-wave sound speed c 0 can be expressed as
where ξ 0 is the static initial global strain in the metamaterial, defined as ε 0 /a. It is assumed that the dynamic behaviour of the O-ring is similar to its static response. It should be mentioned that the sound speed c 0 in equation (2.5) is different from the sound speed in the steel cylinder or nitrile O-ring. It is a long-wave sound speed in the whole metamaterial. This can be significantly smaller than the bulk sound speed in the materials of the cylinder or O-ring and can be tuned by precompression. Apparently, the sound speed c 0 not only depends on the initial strain, but also can be affected by the elastic modulus of the O-rings, their geometric parameters and the mass of the steel cylinders.
The dispersion relations for linearized equations (2.3) and (2.4) are, correspondingly,
and
Here k is the wavevector (2π/λ), and λ is the wavelength. Based on the above dispersion relations, the group velocity c g of a pulse propagating through the chain is given by the following equation for the Boussinesq and regularized Boussinesq wave equations, respectively:
Equation (2.3) could be transformed into the Korteweg-de Vries (KdV) equation under the same assumptions [2, 19] 
According to the KdV equation (2.10), a stationary solitary wave and shock wave (if dissipation is included) can propagate in an initially compressed weakly nonlinear system [2, 20] . This equation (2.10) could be used to analyse the behaviour of the investigated metamaterial for the weakly nonlinear case, when the force amplitude of the localized pulse is significantly smaller than the initial precompression force. The solitary wave speed V s is given by
where ξ m is the maximum strain in the solitary wave. It is evident that the speed of this wave has a linear dependence on the maximum strain and, in the weakly nonlinear case (ξ m − ξ 0 ξ 0 ), V s is close to the sound speed. We use this equation to estimate the role of nonlinearity on the value of the pulse speed for the short compression pulses 
Experiments
The behaviour of the O-rings under static deformation was investigated by loading a chain of 17 steel cylinders alternating with 16 nitrile O-rings (N70-008, supplied by O-ring West) using a weight attached to the top; four cylinders and three O-rings were used at smaller static loads A very good fit between experimental and calculated data using a double power law with corresponding exponents 3/2 and 6 (equation (2.1)) and elastic modulus E 0 = 7.6 MPa (which is close to the value 9 MPa reported for nitrile [21] ) was obtained for the range of forces investigated. This is in agreement with experimental and theoretical data for O-rings made from different materials up to ε/d = 0.5 [16] . It is important that the functional dependence of the force on ε/d is significantly different from Hertzian behaviour at ε/d > 0.3 ( figure 3 ).
Stress wave propagation in this metamaterial was investigated using a set-up similar to that shown in figure 2. Two piezo-sensors (supplied by Piezo Systems, Inc.; 6 mm side plates with 0.267 mm thickness, RC of the electrical circuit approx. 5.24 ms) were embedded in the fifth and the ninth cylinders (from the top) similar to the study of Daraio et al. [10] . Sensors were calibrated using conservation of linear momentum in separate impact experiments. Signals from these gauges were detected using a digital Tektronix oscilloscope (TDS 2014). Small-amplitude pulses (with positive and negative amplitudes being less than 10% of the precompression force), whose speed can be identified with the sound speed under various precompression forces, were generated by impacts of a steel sphere (0.455 g) with a velocity of 2.62 m s −1 moving inside a hollow steel rod.
The shapes of the pulses are presented in figure 4 for the smallest and the largest precompression forces. The zero time in the figures is arbitrary.
We calculated the speed of the positive and negative phases of pulses by dividing the distance between the sensors 4a 1 by the measured peak-to-peak time interval. The accuracy of speed measurement was within 10% or better (depending on the precompression force) and within this limit the speeds of positive and negative pulses were close, demonstrating weak dispersion. The speed data are shown in table 1.
The recorded pulses change their shape (e.g. ramping of leading fronts, total length of pulse increased from 500 to 700 µs in figure 4a), and this was mainly caused by dissipation. The combined spatial widths of positive and negative phases of pulses (L exp , table 1) were calculated based on their speeds and durations as detected by the gauge in the fifth cylinder.
One of the distinguishing features of the highly nonlinear metamaterial investigated is the strong tunability of pulse speed using initial precompression. Because the amplitude of the pulses was much smaller than the initial precompression, the speed of pulses was close to the sound speed in the continuum limit based on equation (2.11) . Thus, we may use the equation for sound speed to estimate the theoretical speed of these pulses. The comparison of experimental results and theoretical values for the sound speed using equation (2.5), assuming that the dynamic behaviour of the O-rings obeys the static dependence of force on ε/d with E 0 = 7.6 MPa, is shown in figure 5 .
From figure 5 , we can see that the values of pulse speed are significantly larger than the predicted values based on the static elastic modulus E 0 = 7.6 MPa. It should be mentioned that the theoretical calculations do take into account the strong nonlinearity, resulting in the increase of sound speed, as is evident from the behaviour of curve 1, but the calculated numerical values are too low. It is also evident that the behaviour of the experimental data does not reflect even qualitatively the sound speed behaviour based on Hertz's law (curve 2). Rather, it demonstrates a more pronounced dependence of signal speed on initial precompression, Table 1 . Speeds of positive pulses (V + ) and combined widths of positive and negative pulses (L exp ) for different precompression forces detected in experiments corresponding to the signal recorded by gauges embedded in the fifth and the ninth cylinders. characteristic of the behaviour of sound speed for a double power-law interaction. It should be mentioned that the dynamic rigidity of this system may be significantly influenced by viscoelastic behaviour, as is evident from the pulse attenuation especially in the case of a large precompression force (figure 4b). We can also see that a Hertzian-type interaction is beneficial for the tuning of sound speed only for a low range of initial strain. The part of the interaction law with exponent equal to 6 makes metamaterials more tunable at large strains (this transition of qualitative behaviour of sound speed with precompression happens for values of ξ 0 > 0.06; figure 5 ).
Thus, we apparently need to take into account that O-rings behave differently under dynamic deformation by waves in comparison with static deformation.
To clarify the dynamic behaviour of the metamaterial investigated, we proceed with the analysis using numerical calculations of the discrete system.
Numerical calculations
Numerical calculations representing the experimental set-up shown in figure 2 were performed using MATLAB. The steel cylinders were treated as rigid bodies connected by massless nonlinear springs representing the O-rings, with deformation behaviour following a strongly nonlinear double power law (dissipation was not included). To model the static precompression force, we introduced gravitational forces applied to the large top mass (hollow steel rod plus additional weight). It is assumed that there is a Hertzian-type interaction at the contact of the hollow steel rod (connected to the precompression mass) and the top cylinder in the chain. Gravitational force was also applied to all particles, simulating conditions in the experiment, though results of numerical modelling demonstrated that gravitational forces acting on particles did not affect the speed of the signals in the investigated range of precompression forces and pulse amplitudes. The pulses were excited by a steel impactor and we assume Hertzian-type elastic interaction between impactor and the top steel cylinder in the chain.
In the numerical calculations, we consider that the displacement ε between neighbouring cylinders relative to their positions in the undeformed chain is equal to the initial value ε 0 plus an additional small change during dynamic deformation ε d . In our experimental conditions, the system is initially strongly compressed and the dynamic part ε d of the decrease in the height of the O-rings is much smaller than ε 0 . Thus, we can approximate the dynamic contribution to the force by a linear function of ε d , so that total force due to the deformation of an O-ring becomes We assume that this coefficient can also be found based on a double power-law relationship (which is of geometrical origin), with the effective elastic modulus E d reflecting the dynamic deformation of the viscoelastic O-rings. Thus, we introduce the following dependence of the coefficient K on static precompression, which is based on a linearized version of the double power law (equation (2.1)) in the vicinity of ε 0 , but with dynamic value for the elastic modulus E d ,
The coefficient K depends both on the dynamic modulus (E d ) of the nitrile O-rings and on the system's initial deformation ε 0 . As illustrated in figure 6 , the dynamic force at a given ε d may deviate significantly from the static curve depending on the selected value of E d . The value of the effective dynamic modulus of the O-rings E d is a fitting parameter, which includes increased stiffness due to elastic and viscous behaviour to match the speed of signals detected in experiments with the results of numerical calculations.
A chain of 40 elements is used in the numerical calculations. The second-order differential equations for particles inside the chain were reduced to the first-order equations [2] Table 2 . Speeds of positive pulses (V + ) and combined widths of positive and negative pulses (L num ) for different precompression forces detected in numerical calculations corresponding to the dynamic forces acting on the fifth and the ninth cylinders. 
Boundary conditions are
Initial conditions corresponding to gravitationally loaded chain are
The values of x i for i = 1, . . . , N are the displacement of the ith particle from its equilibrium position (corresponding to the chain before it was deformed by gravitational forces, g = 9.81 m s −2 is the gravitational acceleration) assumed due to static loading and dynamically, while x i for i = N + 1, . . . , 2N is the velocity of the ith particle. The Heaviside function H(δ) ensures that interactions exist only when the grains are in contact (δ > 0). The coefficients C and D represent nonlinear Hertzian-type interactions between the precompressing mass (particle 1) and the top steel cylinder (particle 3) and between the impactor (particle 2) and the top cylinder. The precompressing mass and impactor have mass M and m imp , respectively.
It should be noted that x 0,1 is the initial displacement of the precompressing mass with respect to the first cylinder assuming gravitational loading, while x 0,2 = 0 and x 0,i (i = 3, . . . , N − 1) are the changes of the initial height of the O-ring between the ith and (i + 1)th cylinder introduced by gravitation. The values of the initial displacements produced by gravitational loading are calculated by using equation (2.1) with the static O-ring modulus E 0 = 7.6 MPa.
The results of numerical calculations modelling dynamic experiments are presented in table 2.
The corresponding pulses shown in figure 7 for elastic modulus E d = 105 MPa provide the best fit of the experimental data and the results of numerical calculations (figure 8). The zero time in the numerical calculations corresponds to the moment of impact.
The speeds of positive and negative pulses in the numerical calculations were close (the speeds of negative pulses were smaller by about 6-17% for small and large values of compression forces). The dispersion effects are evident in figure 7, but they did not dramatically change the amplitude and shape of pulses at the distances investigated, and this is consistent with the expected weak dispersion based on equations (2.8) and (2.9). Fourier spectra of propagated pulses, detected in corresponding locations, were similar. The cause of the negative phase of the pulses (similar to that observed in other work [8, 22] ) is the reduction of the initial static precompression force due to the motion of the first cylinder with respect to the hollow steel rod attached to the precompressing mass. 
Discussion
Experimental data for static deformation of nitrile O-rings confirmed their strongly nonlinear behaviour, with the elastic modulus E 0 = 7.6 MPa being consistent with results reported for these elements [17, 18] .
Experiments have shown that this metamaterial is highly tunable: the static force increases from 10 to 193 N, resulting in the increase of signal speed by more than a factor of 3 with a decrease in pulse duration and spatial length under the same method of pulse excitation ( figure 4  and table 1 ).
There is a large difference between the experimental data and the predicted speed of sound based on equation (2.5), if we use a static value of the elastic modulus E 0 = 7.6 MPa (figure 5). The spatial length of our signals is comparable to the cell size. Thus, we can expect the influence of linear dispersion on phase speed. But according to equation (2.9) linear dispersion can only slightly reduce (not increase) the signal speed to 0.91c 0 at the wavelength in the experiments close to 7a 1 . Thus, we cannot attribute the difference between the predicted values of c 0 and measurements as being due to dispersion.
From another point of view, we measure the velocity of signals with finite amplitude. Thus, nonlinearity may increase the speed of propagation in comparison with the sound speed. The role of nonlinearity can be estimated based on the speed of solitary waves at a given amplitude (a solitary wave represents a balance of dispersion and nonlinearity). Based on this estimate, nonlinearity can increase the speed of propagation to at most 1.03c 0 (at an initial precompression force F 0 = 10 N) assuming that the positive phase of the pulse is approximated by a solitary wave (equation (2.11) ). Clearly, weak nonlinearity is not able to explain the large discrepancy between experimental data and the theoretical value of c 0 based on the extension of the quasi-static behaviour of O-rings (E 0 = 7.6 MPa) into the dynamic regime.
From the numerical data, we can see that, despite the short length of pulses, dispersion effects did not dramatically change the amplitude, shape and spectrum of propagating pulses at the distances investigated. This is in agreement with estimates based on a continuum approximation (equations (2.8) and (2.9)). Changes of shape and amplitude of pulses in experiments are mostly due to dissipation, which will be considered in a separate publication. The speeds of pulses in numerical calculations for E d = 105 MPa are close to the corresponding experimental values (figure 8). A continuum equation for long-wave sound speed (equation (2.5)) with elastic modulus E d = 105 MPa satisfactorily describes the speed of pulses in experiments and in numerical calculations (figure 8). The slight differences between numerical data and theoretical values based on equation (2.5) for sound speed might be due to dispersion effects.
The value of this effective dynamic modulus E d = 105 MPa is considerably higher than the value obtained from static experiments (approx. 7.6 MPa), which is qualitatively similar to the dynamic behaviour of Teflon and Parylene-C [8] [9] [10] [11] . We did not separate inputs of elastic and viscous components in this increased stiffness, though the role of dissipation is significant in experiments. The increased value of the effective elastic modulus may be due to the material strain-rate sensitivity of nitrile rubber, and the selected value of E d is characteristic only for the conditions of our experiments. In this study, the local static strains in the O-rings in our experiments were up to 0.44, the global dynamic strains in our numerical calculations lay in the interval 3 × 10 −3 to 9 × 10 −4 and the corresponding strain rates were approximately 30-27 s −1 .
The deformation behaviour of polymer toroidal O-rings is path-sensitive and, in high strain, strain-rate dynamic deformation (without initial precompression) can be successfully described by a strongly nonlinear viscoelastic model [23] , also demonstrating increase of stiffness in dynamic conditions. The detailed explanation of dramatic increase of dynamic stiffness of O-rings requires investigation of their dynamic contact deformation concentrated in a very small area with large local strains and their gradients. The mechanism of this dramatic increase of stiffness of O-rings is the focus of our future research.
Conclusion
The speed of sound waves in metamaterial was used to measure the dynamic properties of strongly nonlinear elements (O-rings). Such measurements can be difficult to conduct for very small elements, like very small O-rings or thin layers of nanofoams. At the same time, the measurements of the sound speed related to the dynamic stiffness of deformed elements in the system (in our case O-rings) can be accomplished irrespective of their size, because it is based on the measurements of wave speed on macroscopic distances.
The propagation of small-amplitude short-duration pulses in a one-dimensional strongly nonlinear metamaterial was investigated for different conditions of static preloading by both experiment and numerical calculation. They have a speed that significantly exceeds the speed of sound estimated based on the quasi-static behaviour of O-rings. The large discrepancy is explained by a dramatic increase in effective stiffness of precompressed O-rings under dynamic deformation by the wave. This demonstrates that the design of O-rings, which are very important elements with widespread use in machinery, should take into account their dramatic increase of rigidity under dynamic conditions even at low velocity of impact.
It was shown that signal speed in this double power-law metamaterial is a few times more tunable at higher preload than sound speed in granular chains of linear elastic spherical particles obeying the Hertz interaction law. These results provide a background for designing strongly nonlinear tunable metamaterials with the ability to increase the sound speed and acoustic impedance by a factor of 3-4 times at very moderate static precompression. This is unattainable for existing solid materials.
